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A simple criterion to construct a t-design on n + 1 points from
a t-ply homogeneous permutation group of degree n using some
orbits of the group is obtained. The design is not simple in general.
Applying the criterion to 2-dimensional projective special linear
groups PSL(2,q) for q  19 acting on the projective line of q + 1
points, simple 3-(q + 2, 12 (q − 1), 124 (q − 1)(q − 3)(q − 5)) designs
are obtained if q ≡ 3 or 7 (mod 12), and simple 3-(q + 2, 12 (q + 1),
1
8 (q − 1)2(q − 3)) designs are obtained if q ≡ 3 (mod 4).
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a t-homogeneous permutation group on a set {1,2, . . . ,n}, let b be a k-point subset of
{1,2, . . . ,n} and let B = bG , the orbit of G acting on the k-point subsets of G containing the sub-
set b. We assume that t  2. Then B becomes the set of blocks of a simple t-design, since G is
t-homogeneous on X . Here we consider that X has one additional point named 0 which is left ﬁxed
by the t-homogeneous group G . In [10] we considered some combinatorial properties related to tran-
sitive extensions of transitive permutation groups and as an application we computed some examples
of t-designs on X , using a t-transitive group G on X\{0} if the group G has some combinatorial struc-
tures similar to transitive extensions. Motivated from [10], we constructed 3-designs on q + 2 points
from PSL(2,q) and PGL(2,q), q ≡ 1 (mod 6), acting on the q + 1 points of the projective line in [11].
In the present paper we will extend this result theoretically and will show a method to construct
t-designs on n + 1 points from some orbits of a t-homogeneous permutation group G of degree n.
Our designs obtained are not simple in general. The design becomes simple, if the stabilizers of
blocks are of appropriate order. For a given subgroup H of PSL(2,q), the number of s-point subsets of
which stabilizer is precisely the subgroup H is obtained in [2] for almost all cases, if q ≡ 3 (mod 4),
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for some subgroups of PSL(2,q) and we see in fact that there exist such subgroups that form a simple
design. As a consequence, for q  19 we obtain simple 3-(q + 2, 12 (q − 1), 124 (q − 1)(q − 3)(q − 5))
designs if q ≡ 3 or 7 (mod 12) and simple 3-(q + 2, 12 (q + 1), 18 (q − 1)2(q − 3)) designs if q ≡ 3
(mod 4), using some orbits of subgroups of PSL(2,q) acting on the 12 (q − 1)-point subsets and the
1
2 (q + 1)-points subsets, respectively.
Applying our theorem, we also constructed some designs by a computer. We used GAP system [3]
to compute designs in our experiments.
We would like to refer to the results of Tran van Trung [12] and Dirk C. van Leijenhorst [9].
The construction in Theorem 1 is a special case of the general method presented in these two papers.
Theorem 1 shows the selection of block orbits under a group action satisfying the requirements of that
construction. We also would like to refer to the papers of R.M. Wilson [13], Kramer and Mesner [7],
as well as a paper [6], for many results about t-designs with large automorphism groups and large t ,
which means t  3. In [5] readers may see summaries of many theorems and tables of many examples
of t-designs.
2. Deﬁnitions and notations
Let the set {0,1,2, . . . ,n} of n+1 points will be denoted by X . Let t , k and λ be integers such that
0  t  k  n + 1 and λ > 0 and let B be a collection of k-point subsets of X . Then a pair (X, B) is
called a t-(n + 1,k, λ) design if every t-point subset of X is contained in exactly λ elements of B . An
element of B is called a block. B may contain some repeated blocks. A design (X, B) is called simple,
if there are no repeated blocks in B .
Let G be a permutation group on X . Then G acts on the k-point subsets of X naturally by
{x1, x2, . . . , xk}g = {xg1 , xg2 , . . . , xgk } for g ∈ G . For a k-point subset b = {x1, x2, . . . , xk}, the orbit of G
containing b is deﬁned by bG = {bg | g ∈ G}. G is said to be t-homogeneous if for any t-point subsets
T1 and T2 of X there exists an element g of G such that T
g
1 = T2. For points x1, x2, . . . , xr in X , the
subgroup of G consisting of the elements g ∈ G such that xgi = xi , 1 i  r, is called the stabilizer of
the points x1, x2, . . . , xr . For a subset b of X , the stabilizer Gb of the set b in G is deﬁned to be the
subgroup of G consisting of the elements g such that bg = b.
3. Construction of designs
Let G be a permutation group on a set X = {0,1,2, . . . ,n}. We assume that G is t-homogeneous
on the set X\{0}. So the point 0 is left ﬁxed by G . We also assume that t  2. Let b0 be a (k + 1)-
point subset of X containing the point 0 and let b1 be a (k + 1)-point subset of X not containing
the point 0. Let H and K be the stabilizers of the sets b0 and b1 in G , respectively. We will denote
the orders of G , H and K by g , g0 and g1, respectively, and set the orbits B0 = bG0 and B1 = bG1 .
Furthermore we choose another (k + 1)-point subset b′1 of X not containing the point 0. Let L be the
stabilizer of b′1 in G and let g′1 be the order of L. Set B ′1 = b′G1 . In our designs some blocks may be
repeated. For instance, if every subset in B0 is repeated c0 times, such a collection of blocks will be
denoted by c0B0.
Theorem 1. Let B = c0B0 ∪ c1B1 ∪ c′1B ′1 , where c0 , c1 and c′1 satisfy
(n − k)c0
(k + 1)g0 =
c1
g1
+ c
′
1
g′1
.
Then (X, B) is a t-(n + 1,k + 1, λ) design with
λ = c0g
( k
t−1
)
g0
( n ) .
t−1
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c1
c0
= g1(n − k)
g0(k + 1) .
Proof. We have |c0B0| = c0gg0 blocks from b0, |c1B1| =
c1 g
g1
blocks from b1 and |c′1B ′1| = c
′
1g
g′1
blocks
from b′1. Both of the blocks b1 and b′1 contain
(k+1
t
)
t-point subsets of X not containing the point 0,
while the block b0 contains
(k
t
)
such subsets. Since G is t-homogeneous on X\{0}, a counting argu-
ment shows that every t-point subset not containing the point 0 is contained in the following number
of blocks
c1g
g1
(k+1
t
)+ c′1g
g′1
(k+1
t
)+ c0gg0
(k
t
)
(n
t
) = {
c1g
g1
+ c′1g
g′1
} k+1t
( k
t−1
)+ c0gg0 k−t+1t
( k
t−1
)
n−t+1
t
( n
t−1
) .
The block b0 contains
( k
t−1
)
t-point subsets containing the point 0. Only the blocks in B0 contain the
point 0. So, since G is (t − 1)-homogeneous, if 1 < t  12n by [4], similarly every block containing the
point 0 is contained in the following number of blocks
c0g
g0
( k
t−1
)
( n
t−1
) .
If these two numbers coincide with each other, then we have a t-design and the number becomes
the constant λ of the obtained design. So the numbers c0, c1 and c′1 should satisfy the following
k + 1
n − t + 1
{
c1
g1
+ c
′
1
g′1
}
+ k − t + 1
n − t + 1
c0
g0
= c0
g0
.
Hence we have
c1
g1
+ c
′
1
g′1
= (n − k)c0
(k + 1)g0 . 
We note that there always exist integers c0, c1 and c′1 satisfying Theorem 1, if we consider ap-
propriate multiples of some rationals satisfying the condition of Theorem 1. If c0 = c1 = 1 and c′1 = 0
or 1, then the design is simple. We may be able to consider more b′0, b′′0 and/or b′′1, and so on. Then
we may have more complicated conditions. Here we will give a simple corollary, which we will use
later.
Corollary 2. Suppose that c0 , c1 and c′1 satisfy Theorem 1. If there exist at least c0 , c1 and c′1 distinct orbits
of G consisting of k, (k + 1) and (k + 1)-point subsets of X\{0} such that the stabilizers of the subsets are of
order g0 , g1 and g′1 , respectively, and if all of the orbits are distinct, then we have a simple design.
Proof. Instead of ci Bi in Theorem 1, if we take c0, c1 and c′1 distinct orbits in order to satisfy the
condition of the orders of the stabilizers in Theorem 1, we have a simple design. 
4. Applications
We can apply Theorem 1 to obtain a result in [11]. Let q be a prime power and let G = PSL(2,q)
(2-dimensional projective special linear group) or PGL(2,q) (2-dimensional projective general linear
group), q ≡ 1 (mod 6), acting on the q + 1 points of the projective line P . Here we denote P =
{1,2, . . . ,q + 1} and set X = P ∪ {0}. If G = PSL(2,q), we assume that q ≡ 3 (mod 4). Then it is well
known that G is 3-homogeneous. G has a subgroup of order 3 which has 13 (q − 1) orbits of length 3
and leaves exactly two points ﬁxed. In this example k = 12 (q− 3). Let b0 be a union of 16 (q− 7) orbits
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of length 3. Also G has a subgroup of order 12 (q − 1) which has two orbits of length 12 (q − 1). Let b′1
be one of these orbits. Then the stabilizers of the blocks b0 and b1 contain the subgroup of order 3
and that of the block b′1 contains the subgroup of order
1
2 (q − 1). So the orders g0, g1 and g′1 of
the stabilizers of the blocks can be written as g0 = 3c0d, g1 = 3c1d and g′1 = 12 (q− 1)c′1d respectively
for some integers c0, c1 and c′c with some common multiple d. Set B = c0B0 ∪ c1B1 ∪ c′1B ′1 as in
Theorem 1. Then we have
c1
g1
+ c
′
1
g′1
= 1
3d
+ 2
(q − 1)d =
q + 5
(q − 1)d
and
(n + k)c0
(k + 1)g0 =
q + 1− q−32
q−1
2 × 3d
= q + 5
(q − 1)d .
Since |G| = 1m (q + 1)q(q − 1), where m = 2 or 1 according as G = PSL(2,q) or PGL(2,q), we have
λ = c0(q + 1)q(q − 1)
( q−3
2
2
)
3c0md
(q+1
2
) = (q − 1)(q − 3)(q − 5)
12md
.
So we have the following design.
Theorem 3. (See Theorems 1, 2 in [11].) (P ∪ {0}, B) is a 3-(q + 2, 12 (q − 1), 112md (q − 1)(q − 3)(q − 5))
design.
Here we note that we can have a 3-design with the same parameters as in Theorem 3 when q is
a power of 3 by a similar argument, which will be shown in the next section.
In the next example G is same as above but k = 12 (q − 1). Let b0 be a subset of size 12 (q + 1)
containing the point 0 and let b1 be a subset of P of size 12 (q+1). G has a subgroup of order 12 (q+1)
which has two orbits of length 12 (q + 1). Let b′1 be one of these orbits. Similarly as in the previous
example, set the orders of the stabilizers of these blocks c0d, c1d and 12 (q + 1)c′1d respectively with
some common multiple d. Set B0, B1, B ′1 and B as in Theorem 1. Then we have
c1
g1
+ c
′
1
g′1
= 1
d
+ 2
(q + 1)d =
q + 3
(q + 1)d ,
(n + k)c0
(k + 1)g0 =
q + 1− q−12
q+1
2 × 3d
= q + 3
(q + 1)d
and
λ = c0(q + 1)q(q − 1)
( q−1
2
2
)
c0md
(q+1
2
) = (q − 1)2(q − 3)
4md
.
So we have the following design.
Theorem 4. (P ∪ {0}, B) is a 3-(q + 2, 12 (q + 1), 14md (q − 1)2(q − 3)) design.
5. Simple 3-designs constructed from PSL(2,q), q≡ 3 (mod 4)
PSL(2,q), q ≡ 3 (mod 4), is 3-homogeneous on the q + 1 points of the projective line P , as stated
above. In this section we construct some simple 3-designs on q + 2 points, using the detailed data of
the subgroups of PSL(2,q) written in [2]. A cyclic group of order l, a dihedral group of order 2l, an
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A5 will denote an alternating group of degree 5. Suppose that q is a power of p. Zmp will denote
an elementary abelian group of order pm . For a cyclic group of order l = p, we will denote it Zp .
A semidirect product of Zmp by Cl will be denoted by Z
m
p > Cl .
In Section 7 of [2] the number of subsets of size s with stabilizer group precisely H for a sub-
group H of PSL(2,q) with q ≡ 3 (mod 4) is determined if s ≡ 0,1 (mod p). The number will be
denoted by gs(H). For our cases in Theorem 3 the size s should be 12 (q−3) or 12 (q−1) and for those
in Theorem 4 it should be 12 (q − 1) or 12 (q + 1). We need to see when they are congruent with 0
or 1 (mod p) or not. If 12 (q − 3) ≡ 0 (mod p), then p = 3. If 12 (q − 3) ≡ 1 (mod p), then p = 5. It
does not hold that 12 (q − 1) ≡ 0 (mod p). If 12 (q − 1) ≡ 1 (mod p), then p = 3. It holds neither that
1
2 (q + 1) ≡ 0 (mod p) nor that 12 (q + 1) ≡ 1 (mod p). If p = 5, then q − 1 ≡ 0 (mod 4), this is not the
case. So we will treat the cases p = 3 and p = 3 separately for the designs in Theorem 3 in order to
use the results in [2] below.
Firstly we show some lemmas in order to see if gs(H) > 0.
Lemma 5. Let m and t be integers greater than 1. Assume t divides m. Then the following holds.
(1)
(
2m
m
)
> 2m−
m
t
(
t + 1
2
)m
t
(
2m/t
m/t
)
.
(2)
(
4m + 2
2m
)
> 22m
(
2m + 1
m
)
and
(
4m
2m
)
> 22m−1
(
2m
m
)
.
Proof.
(
2m
m
)
= 2m(2m − 1) · · · (
(t+1)m
t + 1) (t+1)mt ( (t+1)mt − 1) · · · (m + 1)
m(m − 1) · · · (mt + 1)mt · · ·1
>
2m−mt m(m − 1) · · · (mt + 1)( t+12 )
m
t 2m
t (
2m
t − 1) · · · (mt + 1)
m(m − 1) · · · (mt + 1)mt · · ·1
= 2m−mt
(
t + 1
2
)m
t
(
2m/t
m/t
)
,
since 2m − i > 2(m − i), if 1  i  (t−1)mt − 1, and (t+1)mt − i > ( t+12 )( 2mt − i), if 1  i  mt − 1. This
proves (1). The ﬁrst inequality of (2) follows similarly, since 4m+1−2i > 2(2m− i) for 0 i m−1.
The second of (2) follows from
(4m+2
2m
)= 4m+1m+1 (4m2m) and (2m+1m )= 2m+1m+1 (2mm ). 
Lemma 6.(
μ(l0) − 1
2
)(
2m/l0
m/l0
)
<
∑
l>δ, l|m
μ(l)
(
2m/l
m/l
)
<
(
μ(l0) + 1
2
)(
2m/l0
m/l0
)
,
where μ(l) denotes the Möbius function and l0 is the smallest number satisfying l0 > δ, l|m and μ(l0) = 0.
Proof. Suppose that l1, l2|m. If l1 < l2,
(2m/l1
m/l1
)= 2(2m/l1−1)m/l1
(2m/l1−2
m/l1−1
)
 3
(2m/l2
m/l2
)
. Hence
∑
l>δ, l|m
μ(l)
(
2m/l
m/l
)
μ(l0)
(
2m/l0
m/l0
)
+
∑
l>l0, l|m
(
2m/l
m/l
)
<
(
μ(l0) +
∑
i1
1
3i
)(
2m/l0
m/l0
)
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(
μ(l0) + 1
2
)(
2m/l0
m/l
)
.
This proves the latter inequality. The former one is proved similarly. 
We use some theorems in [2] and we will quote them below. In the following theorem the num-
bers gs(H) are obtained for H = C1 and C3, where f s(H) denotes the number of subsets of size s
ﬁxed by a subgroup H .
Theorem 7. (See Theorems 24, 26 in [2].)
(1) gs(C1) = f s(C1) + q(q
2 − 1)
12
(
2 f s(A4) − 6 f s(S4) − 12 f s(A5) + f s(D4)
)
+
∑
l>1, l|(q±1)/2
q(q ∓ 1)
2
μ(l) fs(Cl) − q(q
2 − 1)
4
∑
l>2, l|(q±1)/2
μ(l) f s(D2l).
(2) gs(C3) = q − 1
3
(
2 f s(A5) − f s(A4) − f s(S4)
)+ ∑
l|(q−1)/6
μ(l)
(
f s(C3l) − q − 16 f s(D6l)
)
.
Theorem 23 in [2] gives the number f s(H) of subsets of size s ﬁxed by a subgroup H . It states the
following.
Theorem 8. (See Theorem 23 in [2].)
f s(H) = c
(
(q + 1− z(H))/|H|
(s − r)/|H|
)
,
where z(H) denotes the sum of sizes of the non-regular orbits of H, r ≡ s (mod |H|), r < |H| and c is a constant
such that c = 1 if r is a sum of some non-regular orbit sizes (possibly none) and H has no two non-regular
orbits of size r, c = 2 if H has two non-regular orbits of size r or c = 0 otherwise.
Especially the non-zero values of f s(H) are given in Table 2 of [2]. The values q + 1 − z(H) for
subgroups H are listed in Table 2, too. Here we note that c = 2 only when Cl where l| 12 (q − 1) for
r = 1 and A4 when 3| 12 (q − 1) for r = 4. Our cases are shown in the following lemma. Consulting
with Theorem 8 and Table 2 of [2], we will see what r’s satisfy our conditions.
Lemma 9. Let H be a non-identity subgroup of PSL(2,q), q ≡ 3 (mod 4) such that fs(H) = 0.
(1) If s = 12 (q − 3) and H contains C3 with 3|q − 1, then H = C3, D6 or A4 , and f 12 (q−3)(C3) =
(
(q−1)/3
(q−7)/6
)
,
f 1
2 (q−3)(D6) =
(
(q−1)/6
(q−7)/12
)
and f 1
2 (q−3)(A4) =
(
(q−7)/12
(q−19)/24
)
.
(2) If s = 12 (q − 3), q is a power of 3 and H contains Z3 , then H = Z3 or A4 , and f 12 (q−3)(Z3) =
( q/3
(q−3)/6
)
and f 1
2 (q−3)(A4) =
(
(q−3)/12
(q−3)/24
)
.
(3) If s = 12 (q − 1) then:
(a) H = Cl where l| 12 (q − 1) and f 12 (q−1)(Cl) =
( (q−1)/l
(q−1)/2l
)
, or
(b) H = Z3 when q is a power of 3 and f 1
2 (q−1)(Z3) =
( q/3
(q−3)/6
)
.
(4) If s = 12 (q + 1), then:
(a) H = Cl and f 1
2 (q+1)(Cl) = 2
( (q−1)/l
(q−1)/2l
)
where l| 12 (q−1) or f 12 (q+1)(Cl) =
( (q+1)/l
(q+1)/2l
)
where l| 12 (q+1),
(b) H = D2l and f 1
2 (q+1)(D2l) =
(
(q+1)/2l
(q+1)/4l
)
where l| 14 (q + 1),
(c) H = A4 and f 1 (q+1)(A4) =
(
(q+1)/12
(q+1)/24
)
when 24|q + 1 or f 1 (q+1)(A4) = 2
(
(q−7)/12
(q−7)/24
)
when 24|q − 7,2 2
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2 (q+1)(S4) =
(
(q+1)/24
(q+1)/48
)
, or
(e) A5 and f 1
2 (q+1)(A5) =
(
(q+1)/60
(q+1)/120
)
.
Proof. We ﬁrst note that if a subgroup H stabilizes a subset of s points, then it also stabilizes its
complement of q + 1 − s points in P . For case (1), as is seen in Theorem 7(2), the subgroups con-
taining C3 are A5, A4, S4, C3l and D6l with l| 16 (q − 1). Let H be one of these subgroups. By the
assumption of case (1) H stabilizes both of a subset of size s = 12 (q − 3) and its complement of size
s+4. Set r1 ≡ s (mod |H|) and r2 ≡ s+4 (mod |H|) with r1 < |H| and r2 < |H|. Then both of r1 and r2
occur as r in Theorem 8 for the subgroup H . This means that H should satisfy two cases r ≡ a and
a + 4 (mod |H|) for some integer a in Theorem 8. By Table 2 in [2] this condition is satisﬁed by C3,
D6 for a = 2 and by A4 for a = 8, and it is not satisﬁed by any other subgroups, since q ≡ 3 (mod 4).
Then f s(H) is obtained by substituting the values a obtained above to r in Theorem 8. This is similar
in the following cases and so we will omit to explain how to obtain f s(H).
For case (2), by Table 2 in [2] the subgroups containing Z3 are A4, Zmp , Z
m
p > Cl with m  n,
l| 12 (q − 1) and l|3m − 1 and PSL(2,3m
′
) with m′|n. Then similarly to in case (1), H should satisfy
both cases r ≡ a and a + 4 (mod |H|) for some integer a. We have that only the subgroups Z3 and
A4 = PSL(2,3) for a = 0 satisfy this condition.
For case (3), s = 12 (q − 1) and its complement in P is of size s + 2. By Table 2 in [2] the sub-
groups H which satisfy both cases r ≡ a and a+2 (mod |H|) for some integer a are Cl where l| 12 (q−1)
for a = 0 and Z3 when q is a power of 3 for a = 1, since s is odd in our case.
For case (4), the subgroups H stabilize two complementary subsets of size s = 12 (q+ 1) in P . Such
subgroups are Cl with l| 12 (q+ 1), D2l with l| 14 (q+ 1), A4 with 24|q+ 1, S4 with 48|q+ 1 and A5 with
120|q + 1 for r = 0 and Cl with l| 12 (q − 1) for r = 1 from Table 2 in [2]. 
Now we are in a position to construct simple designs, applying Theorems 3 and 4. By Theorem 3,
if we ﬁnd subsets b = b0\{0}, b1 and b′1 of P of size 12 (q − 3), 12 (q − 1) and 12 (q − 1) such that the
stabilizers are of order 3, 3 and 12 (q − 1) respectively, then we have a simple design when q ≡ 1
(mod 3). So in this case we ﬁrstly assume q ≡ 1 (mod 3). As in Theorem 3, the ﬁrst subset b is chosen
to be the union of some 16 (q − 7) orbits of a subgroup C3 and two points ﬁxed by this subgroup. The
latter two subsets b1 and b′1 are chosen to be some unions of the orbits of subgroups C3 and C 12 (q−1) ,
respectively. We will see that we can choose the subsets so that the stabilizers of them coincide with
these subgroups respectively. By Theorem 7(2), Lemmas 9(1) and 5(2),
g 1
2 (q−3)(C3) = −
q − 1
3
f 1
2 (q−3)(A4) + f 12 (q−3)(C3) −
q − 1
6
f 1
2 (q−3)(D6)
= −q − 1
3
(
(q − 7)/12
(q − 19)/24
)
+
(
(q − 1)/3
(q − 7)/6
)
− q − 1
6
(
(q − 1)/6
(q − 7)/12
)
>
(
−q − 1
3
2−
q−19
12
(q − 7)/12
(q − 1)/6 + 2
q−7
6 − q − 1
6
)(
(q − 1)/6
(q − 7)/12
)
>
(
2
q−7
6 − q − 1
3
)(
(q − 1)/6
(q − 7)/12
)
.
This proves that g 1
2 (q−3)(C3) > 0 if q > 19. So there exists a subset b of P of size
1
2 (q − 3) of which
stabilizer is C3. We note that g 1
2 (q−3)(C3) = 0 if q = 19 and we use Corollary 2 to construct a simple
design, which will be shown in the following section. By Theorem 7(2), Lemmas 9(3) and 6,
g 1
2 (q−1)(C3) =
∑
l| 1 (q−1)
μ(l) f 1
2 (q−1)(C3l) >
(
μ(1) − 1
2
)(
(q − 1)/3
(q − 1)/6
)
> 0.6
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2 (q−1) leaves a subset of size
1
2 (q − 1) ﬁxed and there exist no subgroups
containing C 1
2 (q−1) . So the stabilizer of this subset is C 12 (q−1) . Thus if q is not a power of 3, there are
subsets of size 12 (q−3), 12 (q−1) and 12 (q−1) of which stabilizers are C3, C3 and C 12 (q−1) respectively,
and we have simple designs from Theorem 3.
Next we assume that q is a power of 3. Let b be a subset consisting of 16 (q − 3) orbits of a
subgroup Z3. Z3 has only one ﬁxed point on P and let it be the point 1. Set b0 = b ∪ {0} and
b1 = b ∪ {1}. Let b′1 be one of the orbits of C 12 (q−1) . Then by Lemma 9(3) the stabilizer of b
′
1 is
C 1
2 (q−1) . Also by Lemma 9(3) the subgroups H containing Z3 which stabilize a subset of size
1
2 (q− 1)
are only Z3 itself, if q is a power of 3. Hence the stabilizer of the subset b1 is Z3. By Lemma 9(2) only
A4 except Z3 may stabilize the subset b. By Theorem 3(viii) in [2] there exist (q2 −1)/2 subgroups Z3
which are conjugate in G mutually. By Theorem 3(iii) in [2] there exist q(q2 − 1)/24 subgroups A4
in G . Since A4 contains 4 subgroups Z3, every subgroup Z3 of G is contained in q/3 subgroups A4.
From the subgroup lattice of A4, it is obtained that the Möbius function μ(Z3, A4) = −1 in Lemma 20
of [2]. Therefore by Lemma 5(1) we have
g 1
2 (q−3)(Z3) = f 12 (q−3)(Z3) −
q
3
f 1
2 (q−3)(A4) =
(
q/3
(q − 3)/6
)
− q
3
(
(q − 3)/12
(q − 3)/24
)
>
(
2(q−3)/6 − q
3
)(
(q − 3)/12
(q − 3)/24
)
> 0.
Hence we can choose the subset b so that the stabilizer of b is Z3, and we have three subsets b0, b1
and b′1 of size
1
2 (q − 1) such that the stabilizers of them are of order 3, 3 and 12 (q − 1), respectively.
Therefore as in Theorem 3, we have a simple 3-design when q is a power of 3 and we have the
following theorem.
Theorem 10. If q ≡ 3 or 7 (mod 12) and q > 19, then there exists a simple 3-(q+ 2, 12 (q− 1), 124 (q− 1)(q−
3)(q − 5)) design (P ∪ {0}, B), where B consists of three orbits B0 , B1 and B ′1 of PSL(2,q) acting on the
1
2 (q − 1)-point subsets of P ∪ {0} such that 0 ∈ b0 , 0 /∈ b1 and 0 /∈ b′1 for b0 ∈ B0 , b1 ∈ B1 and b′1 ∈ B ′1 and
that the stabilizers of them are C3 , C3 and C 1
2 (q−1) , respectively.
By Theorem 4 if we ﬁnd subsets of P of size 12 (q − 1), 12 (q + 1) and 12 (q + 1) of which stabilizers
are C1, C1 and C 1
2 (q+1) , then we have a simple design. By Theorem 7(1) and Lemma 9(3)
g 1
2 (q−1)(C1) = f 12 (q−1)(C1) +
∑
l>1, l| 12 (q−1)
q(q + 1)
2
μ(l) f 1
2 (q−1)(Cl)
=
(
q + 1
(q − 1)/2
)
+
∑
l>1, l| 12 (q−1)
q(q + 1)
2
μ(l)
(
(q − 1)/l
(q − 1)/2l
)
.
Let p1 be the smallest prime factor of 12 (q − 1). By Lemmas 5(1) and 6, we have(
q + 1
(q − 1)/2
)
= 4q
q + 3
(
q − 1
(q − 1)/2
)
>
4q · 2 q−12
q + 3
(
(q − 1)/p1
(q − 1)/2p1
)
and
g 1
2 (q−1)(C1) >
(
q + 1
(q − 1)/2
)
− 3
2
· q(q + 1)
2
(
(q − 1)/p1
(q − 1)/2p1
)
>
q
q + 3
(
2
q+3
2 − 3(q + 1)(q + 3)
4
)(
(q − 1)/p1
(q − 1)/2p1
)
.
This gives g 1 (q−1)(C1) > 0.2
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2 (q+1)(C1) > 0. Applying Lemma 5(1) for t = 5 and 6 and Lemma 9(4) to
a part of the equation in Theorem 7(1), we have
2 f 1
2 (q+1)(A4) − 6 f 12 (q+1)(S4) − 12 f 12 (q+1)(A5) + f 12 (q+1)(D4)
 2
(
(q + 1)/12
(q + 1)/24
)
− 6
(
(q + 1)/24
(q + 1)/48
)
− 12
(
(q + 1)/60
(q + 1)/120
)
+
(
(q + 1)/4
(q + 1)/8
)
>
(
2
q+1
8 − 6)
(
(q + 1)/24
(q + 1)/48
)
+ 2(2 q+124 − 6)
(
(q + 1)/60
(q + 1)/120
)
> 0,
if 24|q + 1. Otherwise f 1
2 (q+1)(S4) = 0 and f 12 (q+1)(A5) = 0 by Lemma 9. So the above part is greater
than 0 in the case of 24 q + 1, too. Let p′1 be the smallest odd prime factor of 12 (q + 1). Then by
Lemma 6,
∑
l>2, l|(q+1)/2
μ(l) f 1
2 (q+1)(D2l) >
(
μ
(
p′1
)− 1
2
)(
(q + 1)/2p′1
(q + 1)/4p′1
)
> 0.
Let p1 be the smallest prime factor of 12 (q − 1). Then by using the above estimates and by Theo-
rem 7(1) and Lemmas 5 and 6, we have
g 1
2 (q+1)(C1) > f 12 (q+1)(C1) +
∑
l>1, l|(q±1)/2
q(q ∓ 1)
2
μ(l) f 1
2 (q+1)(Cl)
=
(
q + 1
(q + 1)/2
)
+
∑
l>1, l|(q±1)/2
q(q ∓ 1)
2
μ(l)
3∓ 1
2
(
(q ± 1)/l
(q ± 1)/2l
)
>
(
q + 1
(q + 1)/2
)
− 3q(q + 1)
2
(
(q − 1)/p1
(q − 1)/2p1
)
− 3q(q − 1)
4
(
(q + 1)/2
(q + 1)/4
)
>
(
2
1
2 (q+1)−1 − q(5q − 1)
4
)(
(q + 1)/2
(q + 1)/4
)
> 0,
if q  19, since 3
(
(q−1)/p1
(q−1)/2p1
)

(
(q+1)/2
(q+1)/4
)
, as in the proof of Lemma 6. Thus we have obtained the fol-
lowing theorem.
Theorem 11. If q ≡ 3 (mod 4) and q  19, then there exists a simple 3-(q + 2, 12 (q + 1), 18 (q − 1)2(q − 3))
design (P ∪ {0}, B), where B consists of three orbits B0 , B1 and B ′1 of PSL(2,q) acting on the 12 (q + 1)-point
subsets of P ∪{0} such that 0 ∈ b0 , 0 /∈ b1 and 0 /∈ b′1 for b0 ∈ B0 , b1 ∈ B1 and b′1 ∈ B ′1 and that the stabilizers
of them are C1 , C1 and C 1
2 (q+1) , respectively.
6. Experiments
We applied our theorem to compute some examples and we will show them below. We use GAP
system [3] in our experiments. The additional point 0 in Section 4 will be denoted by the largest
number in each of the following examples, since permutations only permute positive integers in GAP.
Here we note that it is a popular method to construct designs using some orbits of permutation
groups, if the number of the points is ﬁxed. Readers may refer to [5] for vast lists of designs and to
the program [1] for extensive computer search of designs. Various methods for computing t-designs
are introduced, for instance, in [8] including some new designs, where the Kramer–Mesner method
in [7] is a fundamental one.
Let G = PSL(2,19) = PrimitiveGroup(20,1) in the GAP library. G is generated by (3,19,17,
15,13,11,9,7,5)(4,20,18,16,14,12,10,8,6) and (1,2,12)(3,11,13)(4,17,6)(5,14,8)(7,20,18)(10,
19,16). Set b0 = {1,2,3,10,11,18,19,20,21} and b′0 = {1,3,6,9,10,13,19,20,21}. Then both of the
stabilizers of these two blocks are of order 6 and we have two distinct orbits B0 and B ′0 of G on the
I. Miyamoto / Journal of Combinatorial Theory, Series A 117 (2010) 430–439 4398-point subsets of P . Set b1 = {1,2,3,4,5,7,10,11,18} and b′1 = {1,3,4,5,7,8,10,12,15}. Then the
stabilizers of b1 and b′1 are of order 3 and 9, and let B1 and B ′1 be the orbits of G containing b1
and b′0, respectively. We have the stabilizers of order 6, 3 and 9. So c0 = 2 and c1 = c′1 = 1 satisfy
the condition in Theorem 1. Hence by Corollary 2, B0 ∪ B ′0 ∪ B1 ∪ B ′1 becomes the set of blocks of
a simple 3-(21,9,168) design.
Let G = PSL(2,19) = PrimitiveGroup(20,1) as above. Let b0 = {1,3,4,5,7,10,19,20,21} and
b1 = {1,3,4,5,7,8,10,12,15}. Then the orders g0 and g1 of the stabilizers are 12 and 9, respectively,
which yields
g1(n − k)
g0(k + 1) =
9(20− 8)
12(8+ 1) = 1.
So we can set c0 = 1, c1 = 1 and c′1 = 0 and we have a simple 3-(21,9,42) design by Theorem 1.
Let G = PGL(2,25) = PrimitiveGroup(26,2). G is generated by (3,6,7,17,10,25,26,8,23,11,
21,22,5,12,18,14,9,20,4,13,24,19,15,16) and (1,19,18,23,16,17,9,25,11,3,4,22,2)(5,12,21,
7,10,26,15,13,24,8,20,14,6). Set b0 = {1,2,3,4,6,7,9,11,20,21,23,27}, b1 = {3,4,7,8,9,13,14,
16,17,21,22,23} and b′1 = {3,4,5,7,9,10,15,18,21,23,24,26}. The stabilizers of bi are of order 6,
6 and 24. So by Theorem 3, d = 2 and c0 = c1 = c′1 = 1, and we have a simple 3-(27,12,440) design
from the orbits containing these subsets, if we set B = B0 ∪ B1 ∪ B ′1.
Let G be same as the previous example. Set b0 = {2,3,4,5,6,9,10,13,15,16,22,24,27}, b1 =
{1,3,4,5,6,7,8,9,10,12,13,18,26} and b′1 = {1,4,10,11,12,13,15,17,18,19,20,25,26}. Then the
stabilizers of these blocks are of order 2, 2 and 26, respectively. So by Theorem 4, d = 2 and c0 = c1 =
c′1 = 1, and we have a simple 3-(27,13,1584) design.
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